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Linear Correlation & Regression 

Prerequisites  

• Population and sample 

• Types of variable  

• Descriptive statistics (scatter diagram) 

• Data summarization 

• Normal distribution 

• Hypothesis testing 

Introduction 

 In analyzing data for the health sciences, it is frequently desirable to learn something 

about the relationship between two numeric variables. 

o E.g. blood pressure and age, height and weight, total family income and health care 

expenditures 

o can be examined using linear models (i.e. regression and correlation) 

o two statistical techniques; although related, serve different purposes 

Correlation 

• concerned with measuring the strength of the relationship between variables 

Regression 

• concerned with predicting or estimating the value of one variable corresponding 

to a given value of another variable 

Correlation assumptions 

1. For each value of X there is a normally distributed subpopulation of Y values. 

2. For each value of Y there is a normally distributed subpopulation of X values. 

3. The joint distribution of X and Y is a normal distribution called the bivariate normal 

distribution. 

4. The subpopulations of Y values all have the same variance. 

5. The subpopulations of X values all have the same variance. 

Example 

Table showing weights/ family incomes of 20 children 5 years of age; 

Family 
income 
in $/ 
Year (x) 

Weight 
in Kg (y) 

Family 
income 
in $/ 
Year (x) 

Weight 
in Kg (y) 

Family 
income 
in $/ 
Year (x) 

Weight 
in Kg (y) 

Family 
income 
in $/ 
Year (x) 

Weight 
in Kg (y) 

130 
200 
345 
245 
155 

15.5 
19.8 
21.5 
16.8 
12.6 

300 
360 
105 

80 
275 

16.6 
18.1 
18.7 
13.1 
20.1 

225 
95 

130 
330 
295 

18.1 
17.4 
17.9 
17.0 
18.7 

170 
250 
355 
220 
175 

16.0 
18.2 
16.4 
15.4 
17.6 

 The objective was to examine whether, for this sample of children, weight and family 

income were related. 
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 The following scatter diagram can be drawn: 

Figure showing weights and family incomes of 20 children 5 years of age 

 

Correlation coefficient 

• The aim of PEARSON’S CORRELATION COEFFICIENT (r) is to measure the precision of 

the linear relationship between two variables. 

• The calculation of correlation coefficient (r): 
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Properties of correlation coefficient 

1. For any data set, (r) lies between (- 1) and (+ 1). 

2. If (r) = (+ 1), or (- 1), the relationship is perfect, that is, all the points lie exactly on a 

line.  

3. If (r) = (+ 1), variable y increases as x increases; if (r) = (- 1), variable y decreases as x 

increases. 

4. If (r) = 0, there is no linear relationship between y and x. This may mean that there is 

no relationship at all between the two variables (i.e. knowing x tells us nothing about 

the value of y). However, we could also obtain (r) = 0 if there were a curved 

relationship between y and x. 

5. A useful interpretation of (r) is that its square (r2) measures the proportion (%) of 

valid correlation against the variability (i.e. by chance) in variable y accounted for by 

the linear relationship with variable x.  
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0 < (r) < (+ 1)       (- 1) < ( r)  <  0 

        

(r) =  + 1       (r) =  - 1 

• From the example of weight and family income, the calculation gives; (r) = 0.414 

• it is possible (indicating the upwards sloping line), but a long way from 1 (indicating 

plenty of scatter about the line) 

• Furthermore, calculation of ( r )2 gives; r2 = (0.414)2 = 0.171 = 17%, which indicates 

the valid correlation between income and weight corresponds to 17% and variation 

by chance is 83%. 

Hypothesis testing for population correlation coefficient (ρ) = 0 

• We wish to see if the sample value of (r) = 0.414 is of sufficient magnitude to indicate 

that, in the population, income and weight are correlated. ( = 0.05) 
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• “p” value: p > 0.05 (0.07) 

• Conclusion: Income and weight are not linearly correlated. 

Regression 

  Regression method of analysis is to predict the value of one variable (dependent) 

corresponding to a given value of another variable (independent) 

Simple linear regression assumptions 

1. Independent variable (x) is non-random variable (i.e. fixed measurement). 

2. Variable (x) is measured without error (i.e. error is negligible). 

3. Values of dependent variable y are normally distributed. 

4. Variances of sub-populations of (y) are all equal. 

5. There is assumption of linearity (i.e. mean values of sub-population (y) lie in a 

straight line). 

6. Values of (y) are independent each other (i.e. value of (y1) for (x1) is independent to 

value of (y2) for (x2). 

• In linear regression, there is a clear dependent/ independent relationship between 

the two numerical variables. 

• Generally put the dependent variable on the vertical axis (the y-axis) and the 

independent variable in the horizontal axis (the x-axis). 
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Figure showing weights and family incomes of 20 children 5 years of age 

 

Fitting a regression Line 

• In the scatter diagram there appears to be an upwards trend in weight, with 

increasing family income.  

• Draw a line through the scatter of points, as a simple summary of the relationship 

between those variables.  

• Any straight line drawn on a graph can be represented by the regression equation: 

xbay ˆˆ   

ŷ  = dependent variable 

a = intercept 

b = slope 

x̂  = independent variable 

Figure showing the regression line for weights and family incomes of 20 children 5 

years of age 
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*** The LEAST SQUARES METHOD gives the “best” line. 

• The sum of the squared vertical deviations of the observed data points (yi) from the 

least-squares line is smaller than the sum of the squared vertical deviations of the 

data points from any other line 

 

Calculation of regression coefficient by LEAST SQUARES METHOD 
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• Calculation of regression coefficient in our example: 

 a = 15.09  b = 0.00984 

• So, the equation of our fitted line is; 

 y = 15.09 + 0.00984 x 

• The intercept ‘a’ (also called the constant), tells us the value of y when the value of x is 

“0”.  

•  So in our example, weight of child is 15.09 Kg when family income is 0 $. 

• The slope ‘b’, called the REGRESSION COEFFICIENT, tell us the increase in the average 

value of y corresponding to a unit increase in x. 

• E.g. mean weight increased by 0.00984 Kg (or about 10 grams) for each increase of $ 

1 in family income (or 1 Kg weight gain per $ 100 increase). 

Caution: 

• It is dangerous to extrapolate the regression line outside the range of the data.  

• In our example, extrapolating the line to an income of $ 2000 per year would yield an 

estimated mean weight of 34.8 Kg, which is of course absurd. 
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The Coefficient of Determination 

•  It is calculated to evaluate the strength of linear regression equation. 

•  Compares the scatter of regression line (ŷ) about (ӯ) line with scatter of observed (y) 

measurements about (ӯ) line. 

 

                   

SST = total sum of square 

SSR = explained sum of square 

SSE = unexplained sum of square 

 

The Coefficient of Determination 

•  The sample correlation coefficient is the square root of the sample coefficient of 

determination (v.v. the sample coefficient of determination is square of the sample 

correlation coefficient)  
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•  Previous Example: r2 = 0.171 = 17% 

Hypothesis testing for population regression coefficient () = 0 

• We wish to see if the sample value of (b) = 0.00984 is of sufficient magnitude to 

indicate that change in income would change the weight ( = 0.05) 

 

• “p” value 

p > 0.05 (0.07) 

• Conclusion 

Income and weight are not linearly correlated 

Multiple regression 

•  To examine the interaction of multiple independent variables on one dependent 

variable 

•  “Multiple Regression” fits an equation that predicts one variable (the dependent 

variable, Y) from two or more independent (X) variables. 

Three reasons of application 

•  to find an equation that best predicts dependent variable with multiple independent 

variables 

•  to find out which variable has the largest influence on dependent variable 

•  to find out interaction of only one of the independent variables, but analysis needs to 

adjust for differences in other variables 

Regression equation 

• Y = β0 + β1X1 + β2X2 + β3X3 + β4X4 . . + βkXk 

(β0 is the Y intercept; β1 is the slope for independent variable X1) 

• when considering one X variable, other Xs are fixed or adjusted 

• used for adjusted multivariate statistical analysis 

Different methods are; 

 enter method 

  forward method 

  backward method 

  stepwise method 

Enter method 

 enter all independent variables 

 Y = β0 + β1X1 + β2X2 + β3X3 + β4X4 . . + βkXk 

Forward method 

 procedure start with empty model 

 deciding if a new single predictor should be added to a regression model 
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 in each forward step, one variable is added to give the single best improvement for 

regression model 

Backward method 

  procedure start with full model 

  deciding if a single predictor should be deleted to a regression model 

  in each forward step, one variable is deleted to give the further improvement for 

regression model 

Stepwise method 

  Forward stepwise begins with forward selection followed by a test for backward 

elimination 

  Backward stepwise begins with backward elimination followed by a test for forward 

selection 

  deciding if predictors should be added or deleted from a regression model on the 

basis of a fixed decision rule 

Data management 

Raw data 

Family 

income 

in $/ 

Year (x) 

Weight 

in Kg (y) 

Family 

income 

in $/ 

Year (x) 

Weight 

in Kg (y) 

Family 

income 

in $/ 

Year (x) 

Weight 

in Kg (y) 

Family 

income 

in $/ 

Year (x) 

Weight 

in Kg (y) 

130 

200 

345 

245 

155 

15.5 

19.8 

21.5 

16.8 

12.6 

300 

360 

105 

80 

275 

16.6 

18.1 

18.7 

13.1 

20.1 

225 

95 

130 

330 

295 

18.1 

17.4 

17.9 

17.0 

18.7 

170 

250 

355 

220 

175 

16.0 

18.2 

16.4 

15.4 

17.6 

Example: SPSS 
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Data presentation 

• depends on purpose of presentation 

? advocacy presentation 

? journal article publication 

? submission of thesis paper  


